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SUMMARY 
A e r o n a u t i c s  and Space A d m i n i s t r a t i o n  
A f i n i t e - e l e m e n t  G a l e r k i n  f o r m u l a t i o n  has been developed t o  s t u d y  a t t e n u a -  
t i o n  o f  t r a n s v e r s e  magnet ic  ( T M )  waves p r o p a g a t i n g  i n  two-d imensional  S-curved 
d u c t s  w i t h  a b s o r b i n g  w a l l s .  I n  t h e  f r e q u e n c y  range where t h e  d u c t  d i a m e t e r  
and e l e c t r o m a g n e t i c  wave l e n g t h  a r e  n e a r l y  e q u a l ,  t h e  e f f e c t  o f  d u c t  l e n g t h ,  
c u r v a t u r e  ( d u c t  o f f s e t ) ,  and absorber  w a l l  t h i c k n e s s  was examined. For a g i v e n  - o f f s e t  i n  t h e  c u r v e d  d u c t ,  t h e  l e n g t h  o f  t h e  S-duct was f o u n d  t o  s i g n i f i c a n t l y  
,” a f f e c t  b o t h  t h e  a b s o r p t i v e  and r e f l e c t i v e  c h a r a c t e r i s t i c s  o f  t h e  d u c t .  
7 s t r a i g h t  and a curved d u c t  w i t h  p e r f e c t  e l e c t r i c  c o n d u c t o r  t e r m i n a t i o n s ,  power 
a t t e n u a t i o n  c o n t o u r s  were examined t o  d e t e r m i n e  e l e c t r o m a g n e t i c  w a l l  p r o p e r -  
t i e s  a s s o c i a t e d  w i t h  maximum i n p u t  s i g n a l  a b s o r p t i o n .  O f f s e t  o f  t h e  S-duct  
was f o u n d  t o  s i g n i f i c a n t l y  a f f e c t  t h e  v a l u e  o f  t h e  w a l l  p e r m i t t i v i t y  a s s o c i a t e d  
w i t h  t h e  o p t i m a l  a t t e n u a t i o n  o f  t h e  i n c i d e n t  e l e c t r o m a g n e t i c  wave. 
For a 
INTRODUCTION 
E l e c t r o m a g n e t i c  p r o p a g a t i o n  i n  c u r v e d  d u c t s  (wave g u i d e s )  p l a y s  an impor-  
t a n t  r o l e  i n  many p r a c t i c a l  p h y s i c a l  systems. I n  microwave power g e n e r a t i o n  
systems, for example (Kennedy, 1985, pp.  315-317>, bends or c o r n e r s  a r e  
r e q u i r e d  t o  a l t e r  t h e  d i r e c t i o n  o f  t h e  wave. S ince  curves  or c o r n e r s  r e p r e -  
s e n t  d i s c o n t i n u i t i e s ,  r e f l e c t i o n  from bends can be s i g n i f i c a n t .  Recent work 
( B u r k h o l d e r ,  1987 and Chou, 1987) has been concerned w i t h  t h e  a b s o r p t i o n  of 
e l e c t r o m a g n e t i c  waves i n  curved d u c t s .  
I n  t h e  p r e s e n t  paper ,  a f i n i t e - e l e m e n t  G a l e r k i n  f o r m u l a t i o n  has been 
deve loped t o  s t u d y  wave p r o p a g a t i o n  i n  curved S-shaped d u c t s  w i t h  a b s o r b i n g  
w a l l s .  F i g u r e  1 i l l u s t r a t e s  t h e  v a r i o u s  processes  o f  r e f l e c t i o n  and absorp- 
t i o n  wh ich  can o c c u r  when e l e c t r o m a g n e t i c  energy  flows i n t o  a c u r v e d  d u c t .  
T h i s  paper  w i l l  f o c u s  on  t h e  i n t e r a c t i o n  o f  a p r o p a g a t i n g  d u c t  mode t r a v e l i n g  
down t h e  u n i f o r m  e n t r a n c e  d u c t  w i t h  t h e  curved w a l l s  as shown i n  f i g u r e  1 .  The 
r e f l e c t i o n  and t r a n s m i s s i o n  a t  t h e  e n t r a n c e  and e x i t  o f  t h e  c u r v e d  d u c t  a r e  
d e t e r m i n e d  by  c o u p l i n g  t h e  f i n i t e - e l e m e n t  s o l u t i o n s  i n  t h e  c u r v e d  d u c t  t o  t h e  
e i g e n f u n c t i o n s  o f  t h e  i n f i n i t e ,  u n i f o r m ,  p e r f e c t l y  c o n d u c t i n g  e n t r a n c e  and 
e x i t  d u c t s .  T h i s  p e r m i t s  a mu1 t i m o d a l  r e p r e s e n t a t i o n  a c c o u n t i n g  f o r  
r e f l e c t i o n  and mode c o n v e r s i o n  by  t h e  n o n u n i f o r m  c u r v e d  s e c t i o n .  
I n  a number o f  p a r a m e t r i c  s t u d i e s ,  t h e  e f f e c t  o f  d u c t  l e n g t h ,  c u r v a t u r e  
( d u c t  o f f s e t ) ,  and w a l l  t h i c k n e s s  a r e  examined. I n  a d d i t i o n ,  f o r  a PEC ( p e r -  
f e c t  e l e c t r i c a l l y  c o n d u c t i n g )  t e r m i n a t i o n ,  a c o m p u t a t i o n a l  search  i s  used t o  
d e t e r m i n e  t h e  w a l l  p r o p e r t i e s  wh ich  l e a d  t o  a l o c a l  maximum a t t e n u a t i o n  of t h e  
i n c i d e n t  e l e c t r o m a g n e t i c  wave f o r  b o t h  a s t r a i g h t  and c u r v e d  S-duc t .  
NOMENCLATURE 
p r o p e r t y  term,  e q u a t i o n  (20) 
p r o p e r t y  term, e q u a t i o n  (21)  
mode a m p l i t u d e  of  p o s i t i v e  g o i n g  e n t r a n c e  waves, e q u a t i o n  ( 8 )  
mode a m p l i t u d e  of  r e f l e c t e d  n e g a t i v e  g o i n g  e n t r a n c e  wave, e q u a t i o n  ( 8 )  
mode a m p l i t u d e  o f  p o s i t i v e  g o i n g  e x i t  waves, e q u a t i o n  ( 1 1 )  
c h a r a c t e r  
d i mens i o n  
d i men s i on 
s t i c  d u c t  h e i g h t  
I I  
ess e n t r a n c e  h e i g h t  ba /b  
I 1  
ess e x i t  h e i g h t  bb /b  
speed o f  l i g h t  i n  vacuum 
d i m e n s i o n l e s s  f r e q u e n c y ,  e q u a t i o n  ( 7 )  
I 1  
x component o f  magnet ic  i n t e n s i t y ,  Hx/Ho 
n o r m a l i z i n g  magn i tude o f  magnet ic  i n t e n s i t y  
f i n i t e - e l e m e n t  a p p r o x i m a t i o n  t o  H x  
wave number 
a x i a l  modal wave number, e q u a t i o n s  (9) and (10) 
d i m e n s i o n l e s s  l e n g t h ,  L ' /b,  
mode number, e q u a t i o n  ( 1 3 )  
number o f  modes i n  expans ion ,  e q u a t i o n  (13)  
power of p o s i t i v e  g o i n g  e n t r a n c e  wave 
power i n  a x i a l  d i r e c t i o n  
d i m e n s i o n l e s s  t h i c k n e s s  o f  a b s o r b e r  w a l l  
d i m e n s i o n l e s s  t ime ,  5 t '  
I 
ba 
2 
I 
dimensional transverse distance, x'/ba X 
I 
dimensionless transverse distance, y'lb, Y 
dimensionless axial distance, Z'/ba Z 
total complex permittivity, equation ( 4 )  E 
E l  permittivity 
I 1  
dielectric constant in entrance duct, &a/&O 
I 
EO permittivity in vacuum 
I 
complex dielectric constant, E r  
I 
E r  imaginary part o f  dielectric constant 
R 
E r  real part o f  dielectric constant 
I 
E T  total imaginary part o f  permittivity, equation ( 4 )  
intrinsic impedance 
wavelength 
n 
x 
total permeability, equation (5) 
permeabi 1 i ty 
permeability in vacuum 
I 
relative permeability, 1-1 /po Pr 
I 
Pr  imaginary part o f  relative permeability 
R 
Pr real part o f  relative permeability 
a' ba 
dimensionless conductance, - 
co "0 
w '  b; 
dimensionless angular velocity, - 
cO 
3 
w 
W '  a n g u l a r  v e l o c i t y  
S u b s c r i p t s  
a e n t r a n c e  r e g i o n  
b e x i t  r e g i o n  
S u p e r s c r i p t s  
I d i m e n s i o n a l  q u a n t i t y  
u approx imate  q u a n t i t y  
GEOMETRIC MODEL 
I n  t h e  f i n i t e - e l e m e n t  m o d e l i n g ,  an S-shaped p r o f i l e  has been chosen to  
approx imate  t h e  two-d imensional  c r o s s - s e c t i o n a l  p r o f i l e  t h a t  m i g h t  be found i n  
a t y p i c a l  bend, as shown i n  f i g u r e  2 .  The S-shaped p r o f i l e  can be p r e s c r i b e d  
by a s i m p l e  t h i r d - d e g r e e  p o l y n o m i a l  o f  t h e  form 
2 
y = h[3@ - 2 ($1 
where t h e  d i m e n s i o n l e s s  d u c t  c o o r d i n a t e s  a r e  d e f i n e d  as 
I I I 
( 1 )  
I 
and ba 
h i s  t h e  o f f s e t  h e i g h t  o f  t h e  d u c t .  The S-curve d e f i n e d  by e q u a t i o n  ( 1 )  has 
z e r o  s l o p e  a t  z / L  o f  0 and 1 ;  p r o v i d i n g  a smooth t r a n s i t i o n  from a s t r a i g h t  
e n t r a n c e  t o  t h e  c u r v e d  t e s t  s e c t i o n .  I n  t h e  f o r e g o i n g  e q u a t i o n s ,  t h e  p r i m e ,  I ,  
i s  used t o  denote  a d i m e n s i o n a l  q u a n t i t y  and t h e  unpr imed symbols d e f i n e  a 
d i m e n s i o n l e s s  q u a n t i t y .  T h i s  c o n v e n t i o n  w i l l  be used t h r o u g h o u t  t h i s  r e p o r t .  
These and a l l  o t h e r  symbols used i n  t h e  r e p o r t  a r e  d e f i n e d  i n  t h e  nomenc la tu re .  
i s  t h e  h e i g h t  o f  t h e  s t r a i g h t  d u c t  l e a d i n g  i n t o  t h e  c u r v e d  d u c t  and 
GOVERNING EQUATION 
For t i m e  harmonic  ( e + j w t >  v a r i a t i o n s  i n  t h e  e l e c t r o m a g n e t i c  f i e l d ,  t h e  
g o v e r n i n g  d i f f e r e n t i a l  e q u a t i o n s  a r e  t h e  s t a n d a r d  M a x w e l l ' s  e q u a t i o n s  wh ich  
can be combined t o  form a s i n g l e  v a r i a b l e  p r o p e r t y  wave e q u a t i o n  f o r  t h e  t r a n s -  
v e r s e  magnet ic  wave p r o p a g a t i o n  ( S i l v e s t e r ,  1983, pg .  48, eq. 4.07).  For 
a two-d imensional  d u c t ,  t h e  s c a l a r  form o f  t h e  wave e q u a t i o n  can be w r i t t e n  as 
(Baumeis te r ,  1988, eq. 1 3 )  
4 
- 6 (a) + 6- (&) + w 2 pHx = 0 
6Y E6Y 6 2  E 6 Z  
( 3 )  
where t h e  t o t a l  p e r m i t t i v i t y  i n c l u d i n g  c o n d u c t i o n  (Cheng, pg.  300 or H a r r i n g -  
t o n ,  pp. 24 and 25, eq. (1-74) and (1-76))  and t h e  t o t a l  p e r m e a b i l i t y  ( H a r r i n g -  
t o n ,  pg.  25, eq. (1-77)) a r e  d e f i n e d  as 
R I o  R I 
E = &  - j ( e r + - ) = &  r - j E T  r w 
t h e  v a r i o u s  parameters  a r e  r e a l  p o s i t i v e  q u a n t i t i e s  w i t h  
I I  
ba 
g = -  
0 0  
I 1  
C E  
and t h e  d i m e n s i o n l e s s  f r e q u e n c y  f i s  d e f i n e d  as 
f ' b g  bg  
f = - - -  1 - 1  w = 2 n f  
( 4 )  
( 7 )  
Because o f  computer s t o r a g e  l i m i t a t i o n s ,  t h e  p r e s e n t  f i n i t e  e lement  f o r m u l a t i o n  
w i l l  be r e s t r i c t e d  t o  s t r u c t u r e s  where t h e  d u c t  h e i g h t  i s  t h e  same o r d e r  of 
magn i tude as t h e  wave length .  
UNIFORM DUCT ANALYTICAL SOLUTIONS 
The a n a l y t i c a l  s o l u t i o n s  o f  e q u a t i o n  ( 3 )  for  wave p r o p a g a t i o n  i n  t h e  u n i -  
form p e r f e c t l y  c o n d u c t i n g  d u c t  h a v i n g  an anecho ic  e n t r a n c e  and e x i t  w i l l  be 
employed t o  g i v e  t h e  p r o p e r  t e r m i n a t i o n  boundary c o n d i t i o n  f o r  t h e  f i n i t e -  
e lement  r e g i o n .  The a n a l y t i c a l  s o l u t i o n  o f  e q u a t i o n  (3) f o r  TM waves t r a v e l -  
i n g  between p e r f e c t l y  c o n d u c t i n g  p a r a l l e l  p l a t e s  i s  g i v e n  as (Cheng, 1983, 
pg.  458) :  
For t h e  e+Jwt  t i m e  dependence used 
p r o p a g a t i n g  i n  t h e  p o s i t i v e  z d i r e c t  
moving i n  t h e  n e g a t i v e  z d i r e c t i o n  
h e r e ,  
on  wh 
+ 
t h e  An r e p r e s e n t s  a wave 
l e  A, t e r m  r e p r e s e n t s  a wave 
5 
The a x i a l  wave number kzn  i n  e q u a t i o n  (8) i s  
= + k  1 -  ( (n  - ~ ) w ) ~  ( (nbakl)w) - < , 
kzn bak 
((n - 1)w)' - ((n - 1)w) 
bak 
kzn = - j k  
bak 
( 9 )  
(10) 
A s i m i l a r  s o l u t i o n  e x i s t s  a t  t h e  e x i t ,  excep t  o n l y  p o s i t i v e  g o i n g  waves 
a r e  c o n s i d e r e d  
BOUNDARY CONDITIONS 
A v a r i e t y  o f  boundary c o n d i t i o n s  w i l l  be used i n  t h e  f i n i t e - e l e m e n t  s o l u -  
t i o n  o f  e q u a t i o n  (3) f o r  t h e  model problems which a r e  d i s p l a y e d  i n  schemat ic  
form i n  f i g u r e s  3 and 4 .  
discussed. 
Each o f  t h e  r e q u i r e d  c o n d i t i o n s  w i l l  now be b r i e f l y  
I n p u t  C o n d i t i o n s  
+ 
The a n a l y s i s  assumes a g i v e n  number Nm o f  p r o p a g a t i n g  An modes 
( e q .  8). These modes e f f e c t i v e l y  s e t  t h e  l e v e l  o f  t h e  magnet ic  f i e l d  i n  t h e  
f i n i t e  e lement  r e g i o n  and can be v iewed as t h e  e q u i v a l e n t  D i r i c h l e t  boundary 
c o n d i t i o n  r e q u i r e d  for  t h e  e l l i p t i c  boundary v a l u e  p r o b l e m  as d e f i n e d  by 
e q u a t i o n  (31. 
The modal e x p r e s s i o n  r e p r e s e n t e d  by  e q u a t i o n  (8) has been t r u n c a t e d  t o  a 
t o t a l  o f  Nm modes o f  t h e  i n f i n i t e  number p o s s i b l e .  Thus, a t o t a l  of Nm 
unknown modal a m p l i t u d e s  A T ,  A i  , . . . ANm have been i n t r o d u c e d .  Nm 
c o n s t r a i n t  e q u a t i o n s  w i l l  be r e q u i r e d  t o  d e t e r m i n e  each o f  these  unknown 
r e f l e c t i o n  c o e f f i c i e n t s .  The e q u a t i o n s  used t o  d e t e r m i n e  these c o e f f i c i e n t s  
w i l l  now be i n t r o d u c e d .  
C o n t i n u i t y  a t  I n l e t  and E x i t  
The t a n g e n t i a l  component o f  an H f i e l d  i s  c o n t i n u o u s  ac ross  an 
i n t e r f a c e  between two p h y s i c a l  r e a l  media wh ich  a r e  n o t  p e r f e c t  c o n d u c t o r s  
(Kra ichman,  1970, eq. ( 1 . 6 1 ) ) .  Thus, t h e  boundary c o n d i t i o n  becomes 
., 
6 
where Hxa i s  t h e  modal r e p r e s e n t a t i o n  o f  t h e  magnet ic  f i e l d  i n  t h e  
a n a l y t i c a l  i n l e t  r e g i o n  g i v e n  by  e q u a t i o n  ( 8 )  and H x  r e p r e s e n t s  t h e  
f i n i t e - e l e m e n t  n u m e r i c a l  s o l u t i o n  t o  be d i s c u s s e d  i n  d e t a i l  i n  a f o l l o w i n g  
s e c t i o n  o f  t h i s  r e p o r t .  
u 
A t  t h e  i n l e t  t o  t h e  c u r v e d  s e c t i o n ,  shown i n  f i g u r e s  3 or  4,  t h e  Hxa i n  
t h e  a n a l y t i c a l  r e g i o n  g i v e n  by  e q u a t i o n  ( 8 )  must match t h e  magnet ic  f i e l d  
d e f i n e d  by  t h e  f i n i t e - e l e m e n t  nodal  p o i n t s  a l o n g  t h e  boundary i n t e r f a c e .  Many 
p o s s i b l e  mode m a t c h i n g  schemes can be employed f o r  t h i s  boundary c o n d i t i o n ,  
such as p o i n t  c o l l o c a t i o n ,  l e a s t  squares,  or we igh ted  r e s i d u a l s .  A we igh ted  
r e s i d u a l  approach was used h e r e i n  w i t h  t h e  w e i g h t i n g  f u n c t i o n  equa l  t o  t h e  
e i g e n f u n c t i o n s  f o r  t h e  u n i f o r m  i n f i n i t e l y  l o n g  d u c t  w i t h  p e r f e c t l y  c o n d u c t i n g  
w a l l s ;  
= o  a t  z = O  (13)  
(Nm e q u a t i o n s ,  m = 1 ,  2 ,  3, .  . . Nm) I 
E q u a t i o n  ( 1 3 )  r e p r e s e n t s  Nm s e p a r a t e  e q u a t i o n s ;  one f o r  each c o e f f i c i e n t  
d e f i n e d  i n  e q u a t i o n  ( 8 ) .  The symbol m has been i n t r o d u c e d  as a dummy v a r i a -  
b l e  t o  make i t  d i s t i n c t  from t h e  m u l t i p l e  n mode numbers t h a t  make up t h e  
Hxa a n a l y t i c a l  f u n c t i o n .  A s i m i l a r  s i t u a t i o n  e x i t s  a t  t h e  e x i t .  
I n  a d d i t i o n  t o  t h e  t a n g e n t i a l  component o f  t h e  magnet ic  f i e l d ,  t h e  tangen-  
t i a l  component o f  t h e  e l e c t r i c  f i e l d  must a l s o  be c o n t i n u o u s  a c r o s s  t h e  i n t e r -  
face (Cheng, 1983, eq. ( 7 - 5 2 ( a ) ) > .  U s i n g  M a x w e l l ' s  e q u a t i o n s  t o  express  t h e  I 
t a n g e n t i a l  e l e c t r i c  f i e l d  i n  terms o f  t h e  magnet ic  f i e l d  ( J o r d a n ,  1968, 
eq. ( 7 - 4 ) )  y i e l d s  
I 
( 14 )  
P e r f e c t l y  Conduct ing  Wal l  C o n d i t i o n s  
A t  a p e r f e c t l y  c o n d u c t i n g  w a l l  s u r r o u n d i n g  t h e  d u c t  or  a t  t h e  e x i t  p l a n e  
i n  f i g u r e  4,  t h e  t a n g e n t i a l  component o f  t h e  e l e c t r i c  f i e l d  v e c t o r  i s  z e r o  
(Cheng, 1983, eq. (7 -52(a) )  or  Kraichman, 1970, eq. ( 1 . 6 9 ) ) .  Again,  u s i n g  Max- 
w e l l ' s  e q u a t i o n s  t o  r e l a t e  t h e  e l e c t r i c  f i e l d  t o  t h e  magnet ic  f i e l d  ( J o r d a n ,  
1968, eq. ( 7 - 4 > > ,  t h e  component o f  t h e  g r a d i e n t  o f  t h e  magnet ic  f i l e d  normal 
t o  a p e r f e c t l y  c o n d u c t i n g  w a l l  becomes 
( 1 5 )  
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F I N I T E  ELEMENT THEORY 
The f i n i t e  e lement  weak f o r m u l a t i o n  o f  t h e  wave e q u a t i o n  ( 3 )  i s  now 
genera ted  by u s i n g  t h e  we igh ted  r e s i d u a l  approach w i t h  t h e  G a l e r k i n  approx ima-  
t i o n .  The c o n t i n u o u s  domain D i s  f i r s t  d i v i d e d  i n t o  a number o f  d i s c r e t e  
t r i a n g u l a r  a reas  as shown i n  f i g u r e  5.  The f i n i t e  e lement  a s p e c t s  o f  c o n v e r t -  
i n g  e q u a t i o n  ( 3 )  and t h e  boundary c o n d i t i o n s  i n t o  an a p p r o p r i a t e  s e t  o f  g l o b a l  
d i f f e r e n c e  e q u a t i o n s  can be found i n  t e x t  books ( B u r n e t t ,  1987, pp .  561-5641 
and f o r  conc iseness  w i l l  n o t  be p r e s e n t e d  h e r e i n .  An e x a c t  a d a p t i o n  o f  t h i s  
s t a n d a r d  f i n i t e  e lement  t h e o r y  t o  t h e  d u c t  p r o p a g a t i o n  prob lem can be f o u n d  i n  
an e a r l i e r  work (Baumeis te r ,  1988) .  
RESULTS AND COMPARISONS 
A number of example c a l c u l a t i o n s  a r e  now p r e s e n t e d  to  i l l u s t r a t e  t h e  use 
o f  t h e  code as a p p l i e d  t o  curved d u c t s  w i t h  a b s o r b i n g  w a l l s .  
d u c t  geomet r ies  and e lement  arrangements used i n  t h e  n u m e r i c a l  examples a r e  
d i s c u s s e d .  Next ,  t h e  e f f e c t  of o f f se t  and d u c t  l e n g t h  on  t h e  t r a n s m i t t e d  and 
r e f l e c t e d  energy  a r e  examined f o r  a f i x e d  w a l l  a b s o r p t i o n  l a y e r .  Then, t h e  
e f f e c t  o f  absorber  t h i c k n e s s  i s  c o n s i d e r e d .  F i n a l l y ,  for a PEC e x i t  t e r m i n a -  
t i o n ,  t h e  power a t t e n u a t i o n  c o n t o u r s  for  a c u r v e d  and s t r a i g h t  d u c t  wh ich  
maximize i n p u t  s i g n a l  a b s o r p t i o n  a r e  examined. 
F i r s t ,  t y p i c a l  
Duct  Geometry 
The g r i d  g e n e r a t i o n  package genera tes  t h e  g e o m e t r i e s  shown i n  f i g u r e  6,  
where a t y p i c a l  s t r a i g h t  d u c t  and curved d u c t  w i t h  maximum o f f s e t  ( h  = 1 )  a r e  
shown. The absorber  has been p l a c e d  above and below t h e  d u c t .  A l l  t h e  d u c t  
geomet r ies  a r e  o f  t h i s  form b u t  w i t h  d i f f e r e n t  l e n g t h s ,  o f f s e t s  and a b s o r b e r  
t h i c k n e s s .  The l i n e a r  t r i a n g u l a r  f i n i t e  e lement  g r i d  a s s o c i a t e d  w i t h  t h i s  
geometry  i s  shown i n  f i g u r e  7 .  
Example 1 :  T r a n s m i t t e d  Power 
The e f f e c t  o f  d u c t  c u r v a t u r e  and l e n g t h  on t r a n s m i t t e d  power i n  an i n f i -  
n i t e  d u c t  a r e  examined i n  f i g u r e  8 for v a r i o u s  v a l u e s  o f  d u c t  o f f s e t .  
m e t r i c a l  c o n f i g u r a t i o n  i s  shown by t h e  i n s e r t e d  s k e t c h  i n  f i g u r e  8 .  I n  t h i s  
case,  t h e  e n t r a n c e  and e x i t  d u c t s  s t r e t c h  from minus i n f i n i t y  t o  p l u s  i n f i n i t y  
wh ich  s i g n i f i e s  t h e  absence o f  r e f l e c t e d  energy  a t  t h e  n u m e r i c a l  t e r m i n a t i o n s .  
The w a l l  p r o p e r t i e s  were taken t o  be 7 1 . 0 0 - 2 . 8 3 j  and pw = 4 .  These 
p r o p e r t i e s  a r e  a s s o c i a t e d  w i t h  n e a r l y  maximum a b s o r p t i o n  o f  a p l a n e  TM wave i n  
a s t r a i g h t  d u c t  a t  t h e  f r e q u e n c y  o f  u n i t y .  For  a f i x e d  l e n g t h  o f  d u c t ,  as 
seen i n  f i g u r e s  8 ( a > ,  ( b ) ,  and ( c ) ,  an i n c r e a s e  i n  t h e  d u c t  o f fse t  parameter  
h i n c r e a s e s  t h e  a t t e n u a t i o n  o f  t h e  t r a n s m i t t e d  e l e c t r o m a g n e t i c  power (Poynt -  
i n g  v e c t o r ,  c r o s s  p r o d u c t  o f  t h e  e l e c t r i c  and magnet ic  f i e l d s  t i m e s  d u c t  a r e a ,  
Baumeister  1988 pg. 23 or Cheng 1983, pg .  330) a t  t h e  e x i t  o f  t h e  c u r v e d  l i n e d  
p o r t i o n .  This e f f e c t  i s  most pronounced f o r  t h e  s m a l l e r  d u c t  l e n g t h s  as shown 
i n  f i g u r e s  8 ( a )  and ( b ) .  The magnet ic  i n t e n s i t y  f i e l d s  i n s i d e  t h e  d u c t  a r e  
i l l u s t r a t e d  i n  f i g u r e  9 f o r  t h e  d u c t  w i t h  0.75 l e n g t h .  A s  seen i n  f i g u r e  9(a)  
t h e  magnet ic  i n t e n s i t y  beams d i r e c t l y  t h r o u g h  t h e  d u c t  w i t h  g r a z i n g  c o n t a c t  
a l o n g  t h e  a b s o r b i n g  w a l l  t i l l  i t  reaches t h e  e x i t  w i t h  v e r y  l i t t l e  
The geo- 
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a t t e n u a t i o n .  I n  c o n t r a s t ,  i n  f i g u r e  9 ( e >  t h e  magnet ic  f i e l d  comes i n  n e a r l y  
normal c o n t a c t  w i t h  t h e  w a l l  and q u i c k l y  d i e s  o u t .  R e t u r n i n g  t o  f i g u r e  8 ( a > ,  
n o t e  t h a t  t h e  d i m e n s i o n l e s s  power d rops  below t h e  i n p u t  v a l u e  o f  1 f o r  l a r g e  
v a l u e s  o f  t h e  o f f s e t  parameter  h .  T h i s  s i g n i f i e s  i n c r e a s e d  r e f l e c t i o n  of t h e  
c u r v e d  p o r t i o n  o f  t h e  d u c t .  T h i s  r e f l e c t i o n  w i l l  now be examined. 
Example 2 :  R e f l e c t e d  Power 
The e f f e c t  o f  d u c t  c u r v a t u r e  and l e n g t h  on  t h e  r e f l e c t e d  power from t h e  
c u r v e d  p o r t i o n  o f  a s e m i - i n f i n i t e  d u c t  a r e  now examined i n  f i g u r e  10 f o r  v a r i -  
ous v a l u e s  o f  d u c t  o f f s e t .  Aga in ,  t h e  g e o m e t r i c a l  c o n f i g u r a t i o n  i s  shown by  
t h e  i n s e r t e d  s k e t c h  i n  f i g u r e  10. To h i g h l i g h t  t h e  r e f l e c t e d  energy  i n  example 
i n  f i g u r e  10, t h e  t e r m i n a t i o n  a t  t h e  e x i t  i s  a PEC ( p e r f e c t  e l e c t r i c  conduc- 
t o r )  p l a t e  wh ich  r e f l e c t s  a l l  t h e  energy  which reaches  t h e  e x i t  back 
towards  t h e  i n f i n i t e l y  l o n g  e n t r a n c e  d u c t .  
For a f i x e d  d u c t  l e n g t h ,  as seen i n  f i g u r e  10, i n c r e a s i n g  t h e  l i n e r  o f f s e t  
h g e n e r a l l y  decreases t h e  r e f l e c t i o n  c o e f f i c i e n t .  However, f o r  d u c t s  w i t h  
l e n g t h s  of 0 .75  and 1.0, an opt imum i s  reached.  I n  t h e s e  cases,  t h e  d i s c o n t i -  
n u i t y  o f  t h e  c u r v a t u r e  appears to  r e f l e c t  s i g n i f i c a n t  e n e r g y  back down t h e  d u c t  
be fore  i t  can be absorbed.  F i g u r e  1 1  shows t h e  magnet ic  f i e l d s  i n s i d e  w i t h  t h e  
l e n g t h  o f  0 .75 .  For t h e  s t r a i g h t  d u c t  t h e  i n t e r a c t i o n  o f  t h e  f i e l d  i s  c l e a r l y  
seen i n  f i g u r e  l l ( a > .  I n  c o n t r a s t ,  t h e  f i e l d  i n  t h e  d u c t  w i t h  l a r g e  o f f s e t  
( h  = 1 )  a r e  comparable t o  t h o s e  i n  f i g u r e  9 ( e > ,  because t h e  l e v e l  has been 
s e v e r e l y  reduced by  a b s o r p t i o n  i n t o  t h e  d u c t  w a l l s .  
Example 3 :  Absorber  Th ickness  I 
I n  t h i s  s e c t i o n  t h e  e f f e c t  o f  absorber  t h i c k n e s s  i s  b r i e f l y  examined. 
The c o n f i g u r a t i o n  c o n s i d e r e d  i s  a g a i n  shown b y  t h e  s k e t c h  i n  t h e  upper  p o r t i o n  
of f i g u r e  1 2 .  I n  t h i s  case t h e  d u c t  l e n g t h  and o f f s e t  w i l l  be h e l d  f i x e d  a t  
u n i t y  and t h e  w a l l  a b s o r b e r  t h i c k n e s s  w i l l  be v a r i e d .  A s  seen i n  f i g u r e  12 
for t h i c k n e s s  of 0.1 or  g r e a t e r ,  t h e  power v a r i a t i o n  a l o n g  t h e  a x i a l  l e n g t h  of 
t h e  d u c t  remains  unchanged. However, f o r  t h i c k n e s s  o f  0 .05  and 0.01 s i g n i f i -  
c a n t  decreases i n  t h e  power absorbed a r e  seen. I 
, 
Example 4 :  A x i a l  D i s c r e t i z a t i o n  i n  Wal l  Absorber  I 
I n  p e r f o r m i n g  f i n i t e  e lement  s o l u t i o n s ,  t h e  number o f  a x i a l  noda l  p o i n t s  
s h o u l d  be h e l d  t o  a minimum t o  reduce computer s t o r a g e  as w e l l  as s o l u t i o n  
t i m e .  T h i s  i s  e s p e c i a l l y  t r u e  i n  t h e  n e x t  example where d e t e r m i n i n g  t h e  w a l l  
p r o p e r t i e s  a s s o c i a t e d  w i t h  opt imum s i g n a l  a b s o r p t i o n  r e q u i r e s  hundreds of sepa- 
r a t e  c a l c u l a t i o n s  s t a r t i n g  w i t h  l a r g e  v a l u e s  o f  w a l l  p e r m i t t i v i t y  and 
permeabi 1 i t y  . 
r e  
m i  
F o r  l i n e a r  e lements ,  r o u g h l y  t w e l v e  g r i d  p o i n t s  p e r  wave length  a r e  
u i r e d  t o  a c c u r a t e l y  r e s o l v e  t h e  complex e l e c t r o m a g n e t i c  f i e l d  and t h e  t r a n s -  
t e d  or r e f l e c t e d  e l e c t r o m a g n e t i c  power. The wave l e n g t h  f o r  p l a n e  wave 
p r o p a g a t i o n  i n  lossy m a t e r i a l  w i l l  now be d e t e r m i n e d  from a s o l u t i o n  of t h e  
wave e q u a t i o n .  
e q u a t i o n  ( 3 )  reduces  to 
For p l a n e  waves p r o p a g a t i n g  i n  a homogeneous lossy m a t e r i a l ,  
9 
6z (%) 6z + o2&pHX = 0 
The solution of which can be written as 
H = H e  -UZ e -jpz 
X 0 
where 
2 
p = -  [ 6- + B]1’2 
2 
R R  I 1  
T r - ‘rpr B = E ~  
(16) 
(17) 
(18) 
( 1 9 )  
(21) 
and the wavelength can be expressed in terms of the propagation phase constant 
13 as follows: 
(22) 2n A = -  P 
The number of grid points I in the axial direction to accurately resolve 
the electromagnetic field is 
L 6PL I = 1 2 - = - -  x n  (23) 
ax i i1 d i recti on. 
would be required. 
to wavelength rat 
For large va 
For the special case where the duct length is just equal to the axial wave- 
lenath of the electromagnetic wave, twelve nodal points are required in the 
If the duct length is twice the wavelength then 24 nodes 
Thus the number of nodes is just 12 times the duct length 
0. 
ues o f  the permittivity and permeability associated with 
wall absorbers, the phase constant 
which leads to smaller values of the wavelength according to equation (22) and 
a considerably larger number of axial nodes according to equation (23). 
ever, a plane wave incident obliquely at an interface with a denser medium 
will be bent toward the normal (Cheng, 1983, pg. 353, eq. 8-124(c>> making the 
increases according to equation (19) 
How- 
10 
energy  t r a n s f e r  i n  t h e  w a l l  absorber  normal t o  t h e  d i r e c t i o n  o f  t h e  energy  
t r a n s f e r  i n  t h e  d u c t  i t s e l f  and t h e r e b y  p a r t i a l l y  r e d u c i n g  t h e  a x i a l  energy  
t r a n s f e r  i n  t h e  w a l l  a b s o r b e r .  S i n c e  t h e  a x i a l  a t t e n u a t i o n  i n  t h e  d u c t  w a l l  
w i l l  be much l a r g e r  t h a n  i n  t h e  a i r  d u c t ,  c o n s i d e r a t i o n  i s  now g i v e n  t o  b a s i n g  
t h e  a x i a l  g r i d  s p a c i n g  on  t h e  wave length  o f  t h e  a i r  d u c t  r a t h e r  t h a n  t h e  w a l l  
a b s o r b e r  wave l e n g t h .  I n  t h i s  case t h e  a x i a l  g r i d  p o i n t  s p a c i n g  would be 
- 12 L f  1 = 1 2 - -  L 
' a i r  
( 2 4 )  
I f  such an a p p r o x i m a t i o n  i s  v a l i d ,  l a r g e r  sav ings  i n  computer s t o r a g e  a r e  
pos s i b 1 e.  
The v a l i d i t y  o f  e q u a t i o n  (24)  i n  p r e d i c t i n g  energy  a t t e n u a t i o n s  and mag- 
n e t i c  f i e l d s  i s  now examined f o r  two ext remes o f  w a l l  p r o p e r t i e s .  F i r s t  t h e  
moderate v a l u e  l i s t e d  i n  f i g u r e  13(a)  and t h e  much l a r g e r  v a l u e  l i s t e d  i n  
f i g u r e  1 3 ( b ) .  A s  seen i n  t h e  upper p o r t i o n  o f  f i g u r e  1 3 ( a ) ,  a x i a l  s p a c i n g  
based on  t h e  w a l l  p r o p e r t i e s  u s i n g  e q u a t i o n  ( 2 3 )  r e s u l t s  i n  a much denser  g r i d  
t h a n  t h e  l o w e r  f i g u r e  based on  t h e  wave length  i n  a i r  u s i n g  e q u a t i o n  ( 2 4 ) .  For 
t h e  l a r g e  w a l l  p r o p e r t y  v a l u e ,  t h e  g r i d  d e n s i t y  i s  even g r e a t e r  as seen i n  t h e  
upper  p o r t i o n  o f  f i g u r e  13(b) .  For  t h e  d u c t  c o n f i g u r a t i o n  shown i n  t h e  upper  
p o r t i o n  o f  f i g u r e  14, e x a c t  c a l c u l a t i o n s  fo r  d u c t  a t t e n u a t i o n  d i s p l a y e d  
i n  f i g u r e  14 i n d i c a t e  t h a t  t h e  a x i a l  s p a c i n g  based on  a i r  p r o p e r t i e s ,  e q u a t i o n  
(24)  g i v e s  n e a r l y  t h e  same r e s u l t s  as t h e  a x i a l  s p a c i n g  based on  t h e  w a l l  mate- 
r i a l ,  e q u a t i o n  (23). I n  a d d i t i o n ,  t h e  c o n t o u r  p l o t s  o f  t h e  magnet ic  f i e l d  
shown i n  f i g u r e  15(a> and ( b )  show t h a t  t h e  magnet ic  f i e l d  i n  t h e  d u c t  i s  for 
a l l  p r a c t i c a l  purposes i d e n t i c a l  when e i t h e r  e q u a t i o n  (23)  or (24)  i s  employed 
t o  s e t  t h e  a x i a l  g r i d  p o i n t  d e n s i t y .  T h e r e f o r e ,  i n  t h e  n e x t  o p t i m i z a t i o n  
example,  e q u a t i o n  (24)  w i l l  be used t o  s e t  t h e  a x i a l  g r i d  s p a c i n g .  
F i n a l l y ,  t h e  s e n s i t i v i t y  t o  t h e  number o f  t r a n s v e r s e  nodes i n  t h e  w a l l  
a b s o r b e r  i s  d e t e r m i n e d  i n  f i g u r e  16 .  A s  seen i n  f i g u r e  1 6  a t  l e a s t  5 nodes 
a r e  r e q u i r e d  t o  a c c u r a t e l y  e s t i m a t e  t h e  a t t e n u a t i o n  i n  a 0.1 t h i c k  a b s o r b e r  
c o a t i n g  w i t h  t h e  same range of p r o p e r t y  v a r i a t i o n s  p r e v i o u s l y  c o n s i d e r e d .  
Example 5 :  A t t e n u a t i o n  Contours  
O p t i m i z i n g  t h e  w a l l  absorber  f o r  maximum a t t e n u a t i o n  as w e l l  as m i n i m i z -  
i n g  d u c t  r e f l e c t i o n  can be an i m p o r t a n t  p a r t  o f  t h e  d e s i g n  o f  an e lec t romag-  
n e t i c  d u c t  s u p p r e s s o r .  I n  d u c t  a c o u s t i c s ,  f o r  example,  t h e  maximum p o s s i b l e  
a t t e n u a t i o n  o c c u r s  a t  t h e  s o - c a l l e d  opt imum impedance. 
t i c  mode (ana logous t o  an e l e c t r o m a g n e t i c  mode) or  more g e n e r a l l y  f o r  modes 
w i t h  common c u t - o f f  r a t i o s ,  t h e  opt imum impedance can be d e t e r m i n e d  a n a l y t i -  
c a l l y  from s e m i - i n f i n i t e  d u c t  t h e o r y  u s i n g  a s i n g l e  s o f t - w a l l  mode ( R i c e ,  
1979) .  G e n e r a l l y ,  t h e  opt imum impedance fo r  a f i n i t e  l e n g t h  l i n e r  w i l l  be 
l o w e r  t h a n  t h e  s i n g l e  mode l i n e r  due t o  g e n e r a t i o n  o f  h i g h e r  o r d e r  modes a t  
t h e  l e a d i n g  edge of t h e  f i n i t e  l e n g t h  l i n e r  (Unruh, 1976 and Baumeis te r ,  1984) .  
For a p a r t i c u l a r  acous- 
S i n c e  e l e c t r o m a g n e t i c  p r o p a g a t i o n  and a t t e n u a t i o n  i s  analogous t o  acous- 
t i c  p r o p a g a t i o n ,  an e l e c t r o m a g n e t i c  w a l l  impedance s h o u l d  e x i s t  wh ich  can be 
e x p e c t e d  to  maximize a b s o r p t i o n  by  t h e  d u c t  w a l l  a b s o r b e r s .  However, i n  t h e  
p r e s e n t  computer  code, t h e  w a l l  p r o p e r t i e s  a r e  s p e c i f i e d  r a t h e r  t h a n  w a l l  
1 1  
impedance. Consequent ly ,  t h e  l o c a l  a t t e n u a t i o n  opt imum w i l l  be de termined for 
s p e c i f i c  v a l u e s  o f  w a l l  p r o p e r t i e s  r a t h e r  t h a n  t h e  more genera l  g l o b a l  opt imum 
analogous t o  R i c e ,  1979. 
Cons ider  a p l a n e  wave p r o p a g a t i n g  down a d u c t  and i n c i d e n t  upon t h e  
c u r v e d  s e c t i o n  w i t h  a PEC e x i t  p l a n e ,  as shown i n  t h e  schemat ic  o f  f i g u r e  17. 
ch The o b j e c t  o f  t h e  p r e s e n t  example i s  t o  e s t i m a t e  t h e  w a l l  p r o p e r t i e s  wh 
w i l l  m i n i m i z e  t h e  r e f l e c t e d  s i g n a l  t r a n s m i t t e d  back down t h e  d u c t  or 
c o n v e r s e l y  to  maximize t h e  energy  absorbed b y  t h e  w a l l  a b s o r b e r .  S t a r t  
w i t h  a s i n g l e  p l a n e  wave t r a v e l i n g  down t h e  d u c t  and i n i t i a l l y  assuming 
D e r m e a b i l i t v  o f  4 . 1  i n  t h e  c u r v e d  absorber  s e c t i o n  o f  t h e  d u c t ,  t h e  r e f  
ng 
a w a l l  
e c t e d  
energy  was d e t e r m i n e d  t h r o u g h o u t  t h e  p e r m i t t i v i t y  p l a n e  shown i n  f i g u r e  17. 
W i t h  i n c r e m e n t s  o f  0.5 t a k e n  i n  t h e  r e a l  and i m a g i n a r y  p a r t s  o f  t h e  p e r m i t t i v -  
i t y ,  400 s e p a r a t e  c a l c u l a t i o n s  were per fo rmed a t  t h e  e q u a l l y  spaced nodes. 
From these c a l c u l a t i o n s ,  t h e  a t t e n u a t i o n  c o n t o u r  p l o t s  w e r e  e s t a b l i s h e d  u s i n g  
i near  i n t e r p o l  a t  i o n  be tween t h e  c a l  t u  1 a t e d  p o i  n t 5'. 
The l o c a l  opt imum w a l l  v a l u e  o f  t h e  p e r m i t t i v i t y  i s  seen i n  f i g u r e  17 
o c c u r  a t  a t o t a l  p e r m i t t i v i t y  o f  5.0 - j 5.0. The c o o r d i n a t e s  o f  f i g u r e  1 
a r e  t h e  r e a l  p o s i t i v e  v a l u e s  o f  b o t h  and d e f i n e d  i n  e q u a t i o n  ( 4 )  
I n  t h i s  case, t h e  opt imum w a l l  p e r m i t t i v i t y  a s s o c i a t e d  w i t h  maximum s i g n a l  
a b s o r p t i o n  i s  r e p r e s e n t e d  b y  t h e  peak c o n t o u r s  e n c l o s e d  i n  t h e  s m a l l e s t  c i  
of f i g u r e  1 7 ( a > .  For t h i s  f i r s t  i t e r a t i o n ,  t h e  i n t r i n s i c  (or c h a r a c t e r i s t  
R I 
impedance o f  t h e  m a t e r i a l  squar  
p o r t i o n  o f  f i g u r e  1 7 ( a > .  
The maximum a t t e n u a t i o n  o f  
t h e  l o c a l  opt imum p o i n t  as d i s p  
dB i s  expressed i n  terms o f  t h e  
eq.  88) as 
t o  
( a )  
c l e  
C >  
d i s  0.41 + j 0.41 as shown i n  t h e  upper  
t h e  incoming wave i s  23 .903 dB a s s o c i a t e d  w i t h  
ayed i n  f i g u r e  1 7 ( a >  where t h e  a t t e n u a t i o n  i n  
t r a n s m i t t e d  power P x  (Baumeis te r ,  1986, 
dB = 10 loglo % ['I ( 2 5 )  
The maximum and minimum a t t e n u a t i o n  i n  a b s o l u t e  v a l u e s  o f  dB a r e  l i s t e d  i n  f i g -  
u r e  1 7 ( a >  as w e l l  as each f i g u r e  wh ich  fo l lows.  The dB c o n t o u r s  have been n o r -  
m a l i z e d  i n  f i g u r e  17 as w e l l  as t h e  f o l l o w i n g  f i g u r e s  by t h e  s i m p l e  
e q u a t i o n :  
( 2 6 )  
The second s t e p  i n  t h e  i t e r a t i o n  process  t o  d e t e r m i n e  t h e  opt imum w a l l  
I n  p r o p e r t i e s  i s  t o  h o l d  t h e  p e r m i t t i v i t y  f i x e d  and v a r y  t h e  p e r m e a b i l i t y .  
t h i s  case, t h e  optimum w a l l  v a l u e  of t h e  p e r m e a b i l i t y  i s  seen i n  f i g u r e  17(b> 
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to  o c c u r  a t  a t o t a l  p e r m e a b i l i t y  of 6.0 - j 8.5.  For t h i s  second i t e r a t i o n ,  
t h e  i n t r i n s i c  impedance squared has s h i f t e d  t o  1.45 j 0.25 and t h e  maximum 
a t t e n u a t i o n  has i n c r e a s e d  t o  28.73 dB. 
The t h i r d  and f i n a l  i t e r a t i o n  i s  shown i n  f i g u r e  1 7 ( c )  i n  wh ich  t h e  o p t  
mum v a l u e  of w a l l  p e r m e a b i l i t y  was h e l d  f i x e d  a t  t h e  v a l u e  of 6 .0 - j 8 . 5  
de termined d u r i n g  t h e  second i t e r a t i o n .  I n  t h e  t h i r d  i t e r a t i o n ,  t h e  opt imum 
p r o p e r t i e s  remained f i x e d  a t  t h e  v a l u e s  de termined d u r i n g  t h e  second i t e r a t i  
i n d i c a t i n g  a l o c a l  convergence o v e r  t h e  range c o n s i d e r e d .  F i g u r e  1 7 ( c >  d i f -  
f e r s  from f i g u r e  17(a> i n  t h a t  a t t e n u a t i o n  can now o c c u r  f o r  z e r o  v a l u e s  of 
t h e  complex p e r m i t t i v i t y  s i n c e  t h e  p e r m e a b i l i t y  i s  now a complex q u a n t i t y  
wh ich  can c o n t r i b u t e  t o  t h e  a t t e n u a t i o n  o f  t h e  i n c o m i n g  wave. 
For  t h e  same geometry  as c o n s i d e r e d  i n  f i g u r e  17, t h e  s e n s i t i v i t y  o f  t h e  
i n i t i a l  s t a r t i n g  p o i n t  on  t h e  e l e c t r o m a g n e t i c  r e f l e c t i v e  energy  c o n t o u r s  i s  
examined i n  f i g u r e  18. I n  t h i s  case t h e  i n i t i a l l y  f i x e d  v a l u e  o f  p e r m e a b i l i t y  
i s  2 .0  r a t h e r  t h a t  4 .1 as used i n  f i g u r e  1 7 ( a ) .  A compar ison o f  f i g u r e  17(a)  
t o  f i g u r e  18(a> i n d i c a t e s  t h a t  t h e  f i r s t  e s t i m a t e  f o r  t h e  opt imum has been 
s h i f t e d  t o  t h e  r i g h t  i n  f i g u r e  1 8 ( a > .  The opt imum i n  t h e  second i t e r a t i o n  
f a l l s  s l i g h t l y  o f f  t h e  range o f  parameters  c o n s i d e r e d .  However, t h e  maximum 
a t t e n u a t i o n  o f  27.945 a t  a p e r m e a b i l i t y  o f  10 - j 10 and p e r m i t t i v i t y  of 9 - j 
5.5 i s  n e a r l y  equa l  t o  t h e  opt imum a t t e n u a t i o n  o f  28.73 dB d i s p l a y e d  i n  
f i g u r e  1 7 ( c > .  A p p a r e n t l y ,  t h e  opt imum c o n t o u r s  have slowly v a r y i n g  s l o p e s .  
However, i n  b o t h  cases c o n s i d e r e d ,  t h e  i n t r i n s i c  impedance o f  t h e  medium a r e  
n e a r l y  e q u a l .  Consequent ly ,  i t  may be i n f e r r e d  t h a t  any c o m b i n a t i o n  o f  mate- 
r i a l  p r o p e r t i e s  w i t h  a s i m i l a r  i n t r i n s i c  impedance s h o u l d  y i e l d  s i m i l a r  v a l u e s  
o f  a t t e n u a t i o n .  
t h e  same 
a t t e n u a t  
t h a n  t h e  
o p t  i mum 
C1 e a r l y ,  
t h e  w a l l  
on  has a maximum v a l u e  o f  22.113 dB wh ich  i s  a p p r o x i m a t e l y  6 dB 
c u r v e d  d u c t  c o n s i d e r e d  i n  f i g u r e s  17 and 18. More s i g n i f i c a n t l y  
n t r i n s i c  impedance has s h i f t e d  t o  a new v a l u e  o f  0.1 + j 0 . 7 .  
t h e  c u r v a t u r e  o f  t h e  d u c t  w i l l  p l a y  a s i g n i f i c a n t  ro le  i n  d e t e r m  
m a t e r i a l s  t o  o b t a i n  t h e  maximum a t t e n u a t i o n .  
F i g u r e  19(a> and ( b >  d i s p l a y s  s i m i l a r  r e s u l t s  f o r  t h e  s t r a i g h t  d u c t  of 
l e n g t h  as c o n s i d e r e d  i n  f i g u r e  17. I n  t h i s  case t h e  l o c a l  opt imum 
ower 
t h e  
n i  ng 
CONCLUDING REMARKS 
A f i n i t e - e l e m e n t  G a l e r k i n  f o r m u l a t i o n  was deve loped t o  s t u d y  t r a n s v e r s e  
magnet ic  ( T M )  wave p r o p a g a t i o n  i n  two d i m e n s i o n a l  c u r v e d  S-shaped d u c t s  w i t h  
a b s o r b i n g  w a l l s .  The d e r i v a t i o n  from M a x w e l l ' s  e q u a t i o n s  assumed t h a t  t h e  
m a t e r i a l  p r o p e r t i e s  c o u l d  v a r y  w i t h  p o s i t i o n  r e s u l t i n g  i n  a nonhomogeneous v a r -  
i a b l e  p r o p e r t y  two-d imensional  wave e q u a t i o n .  T h i s  e l i m i n a t e d  t h e  n e c e s s i t y  
o f  f i n d i n g  t h e  boundary c o n d i t i o n s  between t h e  a i r  d u c t  and t h e  a b s o r b i n g  
w a l l s .  The r e f l e c t i o n  and t r a n s m i s s i o n  a t  t h e  e n t r a n c e  and e x i t  of t h e  c u r v e d  
d u c t  a r e  d e t e r m i n e d  e x a c t l y  b y  c o u p l i n g  t h e  f i n i t e - e l e m e n t  s o l u t i o n s  i n  t h e  
c u r v e d  d u c t  t o  t h e  e i g e n - f u n c t i o n s  o f  an i n f i n i t e ,  u n i f o r m ,  p e r f e c t l y  
c o n d u c t i n g  d u c t .  
Example s o l u t i o n s  i l l u s t r a t e d  t h e  r e l a t i o n s h i p  o f  a b s o r p t i o n  on  t h e  
l e n g t h ,  t h i c k n e s s  and o f f s e t  o f  c u r v e d  d u c t  a b s o r b i n g  w a l l s .  Also, a t t e n u a t i o n  
c o n t o u r  p l o t s  were p r e s e n t e d  f o r  PEC ended c u r v e d  d u c t s .  Loca l  opt imum w a l l  
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va lues  o f  p e r m i t t i v i t y  and p e r m e a b i l i t y  as w e l l  as t h e  i n t r i n s i c  impedance 
a s s o c i a t e d  w i t h  the  optimum were found t o  be s i g n i f i c a n t l y  d i f f e r e n t  f o r  
s t r a i g h t  and curved d u c t s  w i t h  PEC e x i t s .  
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FIGURE 1. - REFLECTIVE AND ABSORPTION CHARACTERISTICS OF L INED 
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FIGURE 2. - S-DUCT GEOMETRY AND COORDINATE SYSTEM. 
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FIGURE 4. - TWO DIMENSIONAL S-DUCT F I N I T E  ELEMENT MODEL WITH PEC E X I T  PLANE. 
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r ENTRANCE 
1 DUCT 
FIGURE 5. - ELECTROMAGNETIC BOUNDARY VALUE FORMULATION. 
( A )  STRAIGHT DUCT 
( B )  CURVED DUCT. 
FIGURE 6 .  - ABSORBING WALL DUCT CONFIGURATIONS. 
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( A )  STRAIGHT DUCT. 
(B) CURVED DUCl 
FIGURE 7. - DISCRETIZATION OF A I R  F I L L E D  WAVE GUIDE WITH 
ABSORBERS MOUNTED ALONG BOTH UPPER AND LOWER WALLS. 
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( A )  L = 0.75. 
( B )  L = 1.0. 
2 
AXIAL POSITION, x 
(C )  L = 2. 
FIGURE 8. - EFFECT OF DUCT OFFSET ON THE 
MAGNITUDE OF THE A X I A L  POWER AS A FUNC- 
TION O f  POSITION (WALLS EU 1 .  - j2.83: 
v u =  4 .1  AND f = 1 ) .  
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( A )  h/b, = 0. 
( B )  h /b ,  = 0.25. 
( D )  h / b ,  = 0.75. 
( C )  h/b, = 0 . 5 .  
( E )  h/b, = 1.0. 
FiGURE 9. - EFFECT OF OFFSET OF ABSORBING UALL ON THE CONTOURS OF THE MAG- 
NETIC F I E L D  W I I H  NONHEFLECTiNG E X I T  FOR L = 0.75 AND f = 1. 
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FIGURE 10. - EFFECT OF DUCT OFFSET h ON THE AXIAL POWER 
REFLECTION COEFFICIENT AS A FUNCTION OF DUCT LENGTH 
(E" = 1. - 12.83;  = 4.1 AND f = 1 ) .  
(A )  h/b, = 0. 
( B )  h/b, = 0.25 .  
(D) h/b, = 0 . 7 5 .  
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(C )  h/b,  = 0.5.  
( E )  h/b, = 1.0 
FIGURE 1 1 .  - F F f I C T  OF OtFSET OF ABSORBING WALL ON THE CON- 
TOURS OF THE MAGNFlIC FIELD WITH PEC E X I T  CONDITION 
( L  = 0.75. f = 1 ) .  
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AXIAL POSITION, x 
FIGURE 12. - EFFECT OF ABSORBER THICKNESS ON THE MAGNITUDE 
OF THE AXIAL POWER AS A FUNCTION OF POSITION (Ew = 
1. - j2.83; P w =  4.1). 
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( A )  MODERATE CASE = 1 . 5 - 3 . 5 j .  
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E = l  u = 1  1 AX = 0:0909 
(6 )  LAHbE CASL E W =  1 0 . 0 - 1 0 . 0 ) .  
FIGURE 1 3 .  - DISCRETIZATION OF AIR F I L L E D  WAVE GUIDE WITH 
ABSORBERS MOUNTED ALONG BOTH UPPER AND LOWER WALLS. 
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FIGURE 14. - ELECTROMAGNETIC ENERGY TRANSMISSION ATTENUA- 
TION AS A FUNCTION OF AXIAL NODE SPACING I N  ABSORBER 
AND DUCT FOR CURVED DUCT ( f  = 1. L = 1. h = 1 WITH 5 
VERTICAL NODES I N  ABSORBER REGION). 
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